The growth of dominant crack is sometimes affected by distributed small cracks in multiaxial low cycle fatigue. Considering such a situation, crack initiation in biaxial fatigue was first modeled in this work. In modeled grains, normal directions of slip planes and slip directions on respective planes were independently given at random. A slip-band crack was presumed to be initiated along the given slip direction on the specified slip plane when the resolved shear stress in the slip direction exceeded a critical shear stress. The crack initiation life was also evaluated using a dislocation pile-up model. Simulations on crack initiation were conducted under the same loading conditions as experiments. Simulated directional distribution of initiated cracks was compared with experimental results obtained in biaxial fatigue tests using tubular specimens of pure copper, and it showed a good agreement with the experimental observation.
Introduction
Failure life in multiaxial fatigue is dominated by cracking behavior which depends on the material microstructure as well as the multiaxiality of applied stress (1) - (3) . In low cycle fatigue, especially, many small cracks are sometimes initiated and the linkage of small cracks is a predominant mode of crack growth. Consequently, the spatial distribution of initiated cracks may be important for the subsequent growth of a dominant crack, which yields substantial fatigue damage, in such a situation. In polycrystalline metals, there are preferential sites of crack initiation according to stress level and material (4) - (6) , which are mainly classified into transgranular and intergranular types. Since crack nucleation of both types may be considered to be a consequence of the crystallographic sliding in a grain, a damage mechanics approach based on a modeling of slip band formation in a grain (7) , (8) is one of the most appropriate methods to evaluate fatigue damage in this situation.
In this work, crack initiation under biaxial fatigue was modeled as the slip band formation in an individual grain constituting a polycrystalline metal. Numerical simulations using the proposed model were conducted to investigate space-time distribution of initiated cracks for various values of biaxiality. Simulated directions of initiated cracks under biaxial stress states were compared with experimental results observed in biaxial fatigue using a pure copper, and the applicability of the proposed model was discussed.
Modeling of Crack Initiation

1 Coordinates and stresses associated with slip systems
The formation of a slip band on the surface of a cyclically loaded specimen leads to a nucleus of a transgranular crack, such as the persistent slip band. In this case, the slip step on the surface becomes a significant factor for the fatigue damage.
A Cartesian x − y − z coordinate, in which the z axis coincides with the normal direction of the specimen surface, is introduced as depicted in Fig. 1 . The y axis is set to be parallel to the axial direction of specimen. Consider a slip plane in one grain on the specimen surface. On the slip plane, another orthogonal ξ − η − ζ coordinate is also defined so that the ξ and η axes should be respectively parallel to the normal direction of the slip plane and the slip direction on the slip plane. Table 1 Directional cosines between x − y − z and ξ − η − ζ axes
The components of directional cosine [l] , which are presented as tensor components in Eq. (1), are defined between x−y−z and ξ−η−ζ coordinates as listed in Table 1 .
The stress component [σ ξηζ ] for the slip system is correlated with an applied stress [σ xyz ] as follows.
[
where the superscript "T" means the transposed matrix,
Considering slip in a surface grain, we may assume the plane stress state as
Under the above assumption, the resolved shear stress τ ξη in the slip direction on the associated slip plane is one of the most important factor for the feasibility to slip, and is represented as
The normal stress σ ξ on the slip plane, which may influence the split resistance between slip planes, is expressed by the next equation.
2 Initiation model of slip-band crack
In this section, a cracking criterion along the slipband is proposed, and the direction of cracking as well as the initiation life is derived in terms of the parameters defined in a previous section. The slip plane, η − ζ plane, is expressed in the x − y − z ordinate as follows.
Now, the distance from the origin of x−y−z ordinate to the specimen surface in the z direction is defined as a constant δ. On the specimen surface, the slip-band is presented as
Comparing with Eq. (6), the coefficient C is given by
As illustrated in Fig. 1 , the angle α of slip-band is defined counterclockwise against the x axis on the specimen surface, and is calculated as follows.
In the present model, a crack is assumed to be initiated along the slip band if the following criterion is satisfied.
where τ c is the critical shear stress to make a slip active. A crack generated along the active slip band is hereafter designated "slip-band crack" or just as SBC. It is presumed that the initiation life N i of SBC is calculated by using a dislocation pile-up model (9) as follows.
In the above equation, G, ν, W c and d o are respectively the shear elastic modulus, Poisson's ratio, the surface energy and the mean grain size, which are material constants. The parameter d is a size of grain to be considered in the slip analysis. In the following analysis, the initiation life N i is normalized by the parameter defined as
which includes only material constants. The normalized lifeN i is finally expressed bȳ
It should be noted that the crack initiation life in a grain is different from that in another grain, because the resolved shear stress τ ξη and the grain size d change according to individual grain under consideration. 
3 Expression of randomness in crack initiation analysis
Since individual grains actually differ in geometrical shapes and deformation responses in actual polycrystalline materials, a stress state in one grain is supposed to differ from that in another grain (see Fig. 2 ). Therefore, it is reasonable to consider that stresses, to which individual grains are subjected, are different from the bulk applied stress. The present model assumes that stresses deviate from the given applied stress, and the stress components σ
xy of the i-th grain are given as follows. σ
where σ x , σ y and τ xy are stress components of the applied stress. Deviation factors f i , g i and h i are randomly given so that they should satisfy the following condition.
where n is the number of grains to be analyzed in the simulation. Another randomness to be expected in actual materials is associated with the slip system in distinct grains as constituents of the material under consideration. For each grain with the slip line angle α, the directional cosines related with the slip system in the grain are randomly given under the following restrictions for those cosine parameters with Eq. (8) .
and so on. We also have to consider the variation in size of individual grain (also see Fig. 2 ), so the randomness of grain size is expressed by using another deviation factor r i as follows. 
where d (i) is the size of the i-th grain.
4 Introduction of "intensity of slip-band crack"
A new parameter to represent the relative amount of slip is introduced as "intensity of slip-band crack", I SBC , which is defined by
The parameter I SBC may correspond to a relative area of the slip plane which appears on the specimen surface as schematically illustrated by the hatched region in Fig. 3 . The hatched region is considered to be proportional to the area of a slip plane in one grain. Consequently, a larger value of I SBC implies a larger slip in the grain under consideration, and so the parameter I SBC is expected to represent the possibility of crack initiation.
Simulation Procedures
By preparatory simulations, it was found that the effect of the grain size variation was not so significant and the normal stress σ ξ on the slip plane didn't affect the simulated result. In this analysis, it is noted that the aforementioned "grain size" is treated as a reference size reflecting a three-dimensionally geometric shape of grain. Therefore, in the following, the randomness of the stress variation specified by Eq. (13) was only dealt with, and the deviation factors f i , g i and h i in Eq. (14) were randomly given in the range from 0.5 to 1.5. For a given angle α of slip-band crack, the directional cosine parameters [l] were randomized under the restricted conditions of Eq. (15) to Eq. (17) and so on. For these randomizations, the resolved shear stress τ ξη of Eq. (4) can be calculated and also the crack initiation lifeN i is determined by Eq. (12) when τ ξη exceeds the critical shear stress τ c . It should be noted that N i is different in individual grains even if the angle α is the same. This means that the distribution of slip-band crack angle α may change according to the number of cycles under consideration.
In the simulation, the intensity of slip-band crack, I SBC , was adopted for the comparison with the experimen-tal observation. The parameter I SBC was calculated for a specified angle α in grains, where the crack initiation criterion of Eq. (9) is satisfied. By summing up values of I SBC with respect to a given α, we will have a histogram as the cumulative I SBC -value for α. The combination of ninety normal directions of slip plane and ninety slip directions on the respective slip planes was randomly given for a specified angle α; i.e. 8 100 trials were done as the number of combinations for individual α-values. Simulations were conducted for −90
• < α < +90
• by considering the symmetry of the angle α with respect to the x axis; e.g. α = 170
• and α = −10 • are identical and α = −120
• is equivalent to α = 60 • . A final histogram of I SBC is depicted for ten-degree increment of α-value in the range from −90
• to +90
• .
Summary of Experimental Observations
Experimental works (7) , (8) have been carried out, and so its outline is described here. The material used in experiments was pure copper (JIS C 1020) with 99.98% purity and containing 6 ppm oxygen. Specimens were machined to be tubular type with inner and outer diameters of 15 mm and 17 mm respectively. After machining, specimens were annealed for 2 h at 1 023 K in vacuum. Young's modulus and 0.2% offset stress of the annealed material were respectively 139 GPa and 82.7 MPa, and its average grain size was 70 µm.
The fatigue tests were conducted under axial, torsional, and in-phase combined axial-torsional loading modes. In fatigue tests, the strain state was defined by the strain ratio λ ε = ∆γ/∆ε, where ∆ε and ∆γ were respectively axial and shear strain-ranges, and the strain ranges of 0.045 to 0.08 were adopted as the equivalent strain range ∆ε = (∆ε 2 + ∆γ 2 /4) 1/2 of Tresca type. The strain ratio λ ε was set to be three constants, i.e. 0, 2 and ∞, as reference experiments. In addition, two-step block loading tests, in which the strain ratio was changed cyclically in one block as shown in Table 2 , were also executed. The first and second stages in one block were respectively specified by the strain ratio λ ε1 and its number of cycles N 1 , and by λ ε2 and N 2 . Before fatigue tests, all specimens were electropolished and etched to reveal the metallurgical microstructure. The behavior of slip band and crack was monitored using a plastic replication technique. The replicated films were observed directly through an optical microscope.
By the observation of fatigue cracks, the subsequent Table 2 Tested pattern in block loading fatigue crack growth was found to be dominated by coalescence of distributed cracks. This implies that the direction of the main macrocrack was strongly dependent on the distribution of small cracks. The orientation of the dominant crack at a final stage is nearly perpendicular to the direction of the principal stress in the case of axial and combined modes, but is parallel to the maximum shear stress direction in the case of torsion. The observation of cracks was made mainly around the initiation site of critical cracks at several life ratios, N/N f or N B /N Bf , which is the ratio of the number of cycles N or the number of block cycles N B to the fatigue life N f or N Bf in the constant strain-amplitude test or in the block loading test respectively. Angles of slip-band cracks were measured against the circumferential direction of the specimen in the counterclockwise sense. The frequency of the angle of slip-band cracks, f SBC , was determined by counting the number of grains with a specific angle of slip-band crack. It is found, however, that the angle distribution of slip-direction on the specimen surface hardly changed in the observed range of life ratio.
Simulated Results and Discussions
1 Simulation for comparison with experiments
In the comparison between simulated and experimental results, it should be noted that there is a difference in the basic parameters adopted in simulations and experiments. The model proposed in this work is formulated using the stresses, while all fatigue tests were carried out under strain-controlled conditions. Therefore, the strain ratio λ ε should be converted into the stress ratio λ σ = τ xy /σ y in combined loading especially. In the conversion, the strain ranges were converted into the stress ranges using the cyclic stress-strain relation, which was obtained by the hysteresis loop in the steady state during fatigue test. This conversion results in the stress ratio of λ σ = 2/3 for the strain ratio of λ ε = 2 adopted in ecperiments.
For the simulation of block loading case, the ratio of numbers of cycles, N 1 and N 2 , was set so that the ratio N 1 /N 2 could coincide with that in the experiment. Figure 4 (a) presents examples of histograms around N/N f = 0.2 observed in the constant strain-amplitude test. At early stages of fatigue, the slip-band crack distribution has distinct peaks depending on the strain biaxiality as follows: −70
2 Simulated results
• < α < +70
• for λ ε = 0, α = −10 • ∼ −20
• and +60
• ∼ +70
• for λ ε = 2, and α = 0 • and ±90
• for λ ε = ∞, respectively. These peaks almost coincide with the angles of the maximum shear directions according to stress states. figure , the distribution has the shape which is formed by a superposition of histograms for combined two λ ε -values, though the peak tends to shift toward the distribution observed for a larger λ ε . In the block loading case, no re-markable change of the angle distribution is seen according to the variation in the number of block cycles. Simulated results under block loading conditions are presented in Fig. 5 (b) . In this case, too, it is found that the experimental trend is almost simulated by using the proposed model. The coincidence between experimental and simulated results implies that an assumption of linear cumulative damage is appropriate for the prediction of directional distribution of initiated cracks.
It may be concluded that the positions of peaks in histogram for each loading mode were approximately simulated by using the proposed model. Some difference, however, is seen in the peak levels between experimental and simulated results. In experiments, about two hundreds of cracks were observed for the statistical correlation, and it should be noted that some cracks were possibly unrecognized in the observation on replicas. On the other hand, all cracks that satisfy the initiation criterion Eq. (9) are identified as initiated cracks in the simulation, and they were plotted in simulated histograms. The aforementioned difference may be associated with the variation in the recognition of cracks in experiments and simulations.
Concluding Remarks
In the present work, crack initiation in biaxial fatigue was first modeled as the slip band formation in an individual grain constituting a polycrystalline metal. In modeled grains, normal directions of slip planes and slip directions on respective planes were independently given at random. It was assumed that the stress state in individual grain had variance from the stress state, to which the bulk material was subjected. Under this assumption, the stresses were also randomly assigned to each grain. As a crack initiation criterion, a slip-band crack was presumed to be initiated along the given slip direction on the specified slip plane when the resolved shear stress calculated in the slip direction exceeded a critical shear stress. The crack initiation life was evaluated using a dislocation pile-up model, in which the calculated resolved shear stress was incorporated. Simulations on crack initiation were carried out for three values of biaxiality; i.e. axial, torsional and combined axial-torsional modes. The relation between the distribution of crack orientations and the number of cycles for initiated cracks was able to be obtained by simulation using the aforementioned model. Simulated directions of initiated cracks under biaxial modes were compared with experimental results which had been observed in fatigue tests using tubular specimens of pure copper under axial, torsional and combined axial-torsional loading modes. As a whole trend, the estimation based on the proposed model showed a good agreement with the experimental observation.
